The theory of free-vibration acoustic resonance (FVAR) of solids at high pressure is developed within the framework of nonlinear elasticity and the calculus of variations. The FVAR state is formulated as a generalization of the conventional theory that was originally developed by Rayleigh and Ritz in the sense that it includes geometrical and material nonlinearities as well as the potential energy of external pressure. Magnetic point groups and quasiharmonic approximation are used so as to obtain a natural extension of normal mode phonons in the high-pressure regime. The numerical analysis of eight different cubic-symmetry crystals reveals that FVAR frequencies depend linearly on the pressure, and the slopes vary with the FVAR modes, including the sign. We estimated the mode Grüneisen parameter up to N = 2400 and proved that the highfrequency limit γ ∞ is equivalent to the conventional Grüneisen parameter γ . Quantitative agreement of the parameters demonstrates that nearly the entire thirdorder elastic constants tensor can be determined from high-pressure ultrasound spectroscopy experiments.
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Introduction
The theory of linear elasticity, also called Hooke's law, represents the basic framework of solid mechanics. Here, the characteristic features of an elastic object are cast into a fourth-rank tensor C ijkl that is identified as the second-order elastic constant. From a macroscopic viewpoint, C ijkl governs the deformation of the medium and determines a linear relationship between the Cauchy stress and the corresponding strain tensors. Conversely, from a microscopic viewpoint, it yields a celebrated harmonic approximation, because it represents a curvature of the interatomic potential Ψ . Hence, C ijkl plays a central role in both macroscopic solid mechanics as well as solid-state physics on an atomistic scale. There are several methods to determine the C ijkl tensor experimentally; however, to the authors' knowledge, resonant ultrasound spectroscopy (RUS) is the state of the art. RUS theory is based on the principal studies of acoustics conducted by Rayleigh [1, 2] and Ritz [3, 4] . Later, their results were applied to the C ijkl measurement by several researchers, which is now established as the RUS method [5] [6] [7] [8] [9] [10] [11] . This method uses free-vibration acoustic resonance (FVAR) frequencies or normal mode phonon frequencies ω i of a specimen to determine the C ijkl tensor. The RUS method demonstrates several advantages over other methods: the complete C ijkl tensor is determined from one single-crystal specimen, it can be applied to a millimetre-ordered smallsized specimen, measurement accuracy is sufficiently high (inaccuracy is generally less than 0.1%), etc.
However, for an actual crystal, the interatomic potential Ψ is generally anharmonic. Hence, an assumption of linear elasticity and harmonic approximation are appropriate only nearby the equilibrium configuration. From a macroscopic viewpoint, the anharmonicity is measured by the third-order elastic constants' tensor C ijklmn [12] . A standard method to determine C ijklmn involves sound velocity measurements under an external stress. Because of the anharmonicity, the sound velocity in a solid generally decreases (increases) monotonically with tensile (compressive) stress, and C ijklmn can be determined from the velocity-stress slope [13] . However, as expected, this method is inapplicable to millimetre-sized specimens because they are smaller than conventional ultrasonic transducers. In addition, to completely determine the C ijklmn tensor, it requires the selection of single-crystal specimens that have different crystallographic orientations. After the development of the RUS method, several attempts were made to measure the anharmonicity from the FVAR frequencies ω i . Isaak et al. [14] conducted high-pressure RUS experiments and determined the pressure dependence of the shear modulus from the high-pressure FVAR frequencies ω i (P). Ohno et al. [15] developed the cavity resonance method and estimated the pressure dependence of shear and bulk moduli from ω i (P). Although they succeeded in obtaining ω i (P) experimentally, neither of these studies was able to determine the C ijklmn tensor owing to theoretical difficulties. Unfortunately, the absence of an accurate means of experimentally determining the third-order elastic constants' tensor C ijklmn hinders further development of solid mechanics and solid-state physics, because the thermodynamic potentials, such as the internal energy and Helmholtz free energy, are defined using the tensor [12] . This tensor also plays an important role in evaluating phenomena such as the convexity of the strain energy density of a deformed crystal [16] and solid-state phase transition [17] . Furthermore, there is a growing demand for C ijklmn to design semiconductor nanostructures for applications such as light emission in quantum wells [18] . From an engineering viewpoint, the C ijklmn tensor is indispensable for non-destructive testing of such characteristics as residual stress [19] . Although first-principle density functional calculations yield the second-, third-and fourth-order elastic constants [20] , experimental verification is significantly lacking.
Perhaps the best strategy for obtaining C ijklmn is to first refashion the conventional FVAR theory into a general framework of nonlinear elasticity. Recently, aspects of this effort have been investigated by one of the authors (R.T.), whose study revealed significant effects of nonlinearity in FVAR: (i) amplitude dependence of FVAR frequencies, (ii) higher harmonic generation, and (iii) emergence of colour symmetry in nonlinear FVAR [21] . In relation to properties (ii) and (iii), the study also revealed that (iv) nonlinear FVAR modes should be classified on the basis of magnetic point groups, rather than using conventional irreducible representations. However, because this analysis requires considerable computational resources, the model is limited to two-dimensional and isotropic hyperelastic materials. To realize the measurement of C ijklmn from the high-pressure FVAR frequencies ω i (P), we have to reconstruct the theory in an appropriate form.
This study aims to develop a theory designated as quasi-linear FVAR, which is fully capable of describing the normal mode phonons at high pressure. This is a proper generalization of the conventional theory in the sense that it includes both the geometrical and constitutive nonlinearities in the strain energy density. The potential energy of the external pressure P is also taken into account. Although the theory uses only a macroscopic framework of solid mechanics, the physical meaning is analogous to Grüneisen's method for an atomistic system, which amounts to shifting the minimum of an anharmonic potential Ψ as the volume changes [22] . The rest of the paper is structured as follows. In §2, we develop a variational formulation for the general nonlinear FVAR of a three-dimensional and anisotropic hyperelastic material. The formulation includes the first variation of the action integral, the Euler-Lagrange equation and natural boundary conditions. In §3, we employ a direct method, magnetic point group-based mode classification, and the quasi-harmonic approximation to solve the variational problem developed in the previous section. Section 4 is devoted to numerical analysis. First, we evaluate the amplitude dependence of FVAR frequencies and determine a constraint condition. We then calculate the high-pressure FVAR frequencies ω i (P) of Al up to P = ±10 MPa. Numerical validation is conducted in §5. In this section, we estimate the mode Grüneisen parameter γ i up to N = 2400 and determine the high-frequency limit for eight different cubic-symmetry crystals. We then reveal that these high-frequency limits represent the Grüneisen parameter of respective crystals. We also demonstrate that the limits show excellent agreement with previous studies. Some concluding remarks are presented in §5.
Theory of nonlinear free-vibration acoustic resonance for three-dimensional cubic crystals (a) Variational formulation
We consider a rectangular parallelepiped-shaped hyperelastic material
} which has a cubic-symmetry crystal-type elastic anisotropy. The hyperelastic domain Ω represents a homogeneous and stress-free reference configuration and is subjected to a displacement u i owing to a nonlinear FVAR. The displacement function u i = u i (x 1 , x 2 , x 3 , t) is expressed by the Lagrange description and is assumed to be differentiable up to the second order. Let u i,t = Du i /Dt be the material time derivative and u i,j = ∂u i /∂x j the spatial derivative in the reference configuration. Then, the Green−Lagrange strain tensor E ij is written as
Here and below, the Einstein summation convention holds for repeated indices. The last term on the right-hand side (r.h.s.) of equation (2.1) is referred to as the geometrical nonlinearity. Using the strain tensor E ij , the nonlinear strain energy density W of an anisotropic crystal is given by [12] 
Here, the coefficients C ijkl and C ijklmn are the second-and third-order elastic constants and the second term on the r.h.s. is referred to as the constitutive (or material) nonlinearity. In this study, we approximate equation
For the case of a cubic-symmetry crystal, we have 
Here, the Voigt notation is employed to simplify the expression:
is essentially a linear strain energy density, because it consists of the quadratic terms of the displacement gradients. Similarly, W NL represents a nonlinear strain energy density, because the cubic terms come from the geometrical and constitutive nonlinearities. Integration of equation (2.3) over the hyperelastic domain yields the total strain energy. As discussed in §4d, we apply an external pressure to the hyperelastic material up to P = ±10 MPa. On the other hand, the bulk modulus considered here is B ≈ 100 GPa. Hence, the maximum volumetric strain is dV/V = P/B ≈ ±1.0 × 10 −4 . Over such a small deformation range, the order four approximation O(|u 4 i,j |) in equation (2.3) is sufficient for the present purpose. Note that, for the case of a less symmetric crystal, we have to generalize the strain energy densities of equations (2.3) and (2.5) according to the crystal symmetry [23, 24] .
In general, the reference configuration Ω represents the energy minimum state when the external pressure P is absent. However, once the pressure is applied, it continuously shifts the minimum state, which results in the change in FVAR frequencies. Let n i be the surface normal vector defined on the domain surface ∂Ω and g i = gn i the external hydrostatic pressure vector applied on ∂Ω. Here, g < 0 represents compression and g > 0 represents extension. The potential energy of the external pressure is then defined as an integration of the inner product gn i , u i over the surface area. Consequently, the total potential energy W stored in the hyperelastic material is given by
According to continuum mechanics, the kinetic energy T can be expressed by
where ρ = const. is the mass density defined on the reference configuration and T is the kinetic energy density. Then, the action integral I is defined as an integration of the Lagrangian L = T − W over a certain time interval t ∈ (0, 2π/ω) such that
where ω is the resonance frequency. Clearly, the hyperelastic material is a holonomic system and free from energy dissipation. In addition, the external pressure P satisfies a dead-load condition: the pressure vector g i is independent of displacement u i . Thus, the principle of stationary action should hold. This principle states that, among the twice differentiable functions defined on Ω × (0, 2π/ω), the actual displacement u i must satisfy the stationary condition δI = 0, where δI stands for the first variation of the action integral. 
(b) Euler-Lagrange equation and natural boundary conditions
The action integral of equation (2.8) is defined on an unfixed time interval (0, 2π/ω), because ω is one of the unknown quantities that must be determined from the analysis. Hence, the condition δI = 0 poses a variable-region-type variational problem [25] . For this reason, we must consider a variation of the independent variable t and dependent variable u i simultaneously such that
where α ∈ R is a small quantity, ϕ = const. and ψ i is an arbitrary but continuously differentiable function. After the transformation of equation (2.9), the interval (αϕ, αϕ + 2π/ω) can begin at any time and end after an arbitrary length t = 2π/ω. The first variation of the functional I(u i ) owing to the transformation of equation (2.9) is given by [21, 25] 
where
In order to attain δI = 0 for arbitrary ϕ and ψ i , we obtain the Euler-Lagrange equation
for all x i ∈ Ω, t ∈ (0, 2π/ω) and i = 1 ∼ 3. Throughout this study, we assume that the displacement gradient u i,j is sufficiently small to ensure that the strong ellipticity condition holds
for all x i ∈ Ω, t ∈ (0, 2π/ω) and for all unit vectors m i , n i ∈ R 3 . With this condition, the EulerLagrange equation (2.11) implies a system of quasi-linear wave equations whose solution u i possesses a sufficient regularity, i.e. it is free from singularities such as shocks and phase transitions.
From the first variation of equation (2.10), we obtain the natural boundary conditions at the boundaries of the time interval such that
for all x i ∈ Ω and i = 1 ∼ 3. The first equation indicates that the displacement velocity u i,t must vanish periodically at t = 0 and 2π/ω. In other words, nonlinear FVAR has a specific time at which the entire domain freezes. The second condition, the time periodicity of the Lagrangian density L, implies the time periodicity of displacement:
Similarly, we obtain a set of natural boundary conditions on the domain boundary such that
for all t ∈ (0, 2π/ω) and i = 1 ∼ 3. Here, T ij stands for the first Piola−Kirchhoff stress tensor. Because the domain Ω has a rectangular parallelepiped shape, equation (2.14) implies that
Namely the magnitudes of the surface normal stress tensor components are equivalent to the external pressure.
Direct analysis by the Ritz method (a) Quasi-harmonic approximation
The displacement function u i , obtained on the basis of a nonlinear FVAR in the external pressure, must satisfy the Euler-Lagrange equations and the natural boundary conditions. However, we cannot determine a solution u i from the equations because we have no initial condition, i.e. the shape of a nonlinear FVAR mode is unknown in advance. Hence, we solve the variational problem directly by the Ritz method. The method expands the unknown displacement function u i by a certain series of complete functions and then determines the coefficients using the stationary condition. To obtain a better approximation by a limited number of functions in the expansion, we use the fundamental requirements that the stationary solution u i must satisfy. First, the stationary solution satisfies the periodic vanishing of the displacement velocity and time periodicity conditions implied by equation (2.13). It also satisfies the time reversal symmetry, because equation (2.11) is the second-order wave equation. Accordingly, we expand the displacement function to the following form:
where φ s consists of the normalized Legendre polynomialP s of order s such that
The first term on the r.h.s. of equation (3.1) represents static displacement, which is responsible for uniform contraction (or expansion) by the external pressure P. The second term is a harmonic vibration where φ s = φ s (x 1 , x 2 , x 3 ) exhibits a vibration shape. The subscripts k s , l s and m s are the order of the polynomial ranging from 0
. Hence, the total degrees of freedom χ q of the expansion is χ q = 3(q + 1) 3 + 1. Clearly, the displacement u i defined by equation (3.1) satisfies the natural boundary conditions given by equation (2.13) and the time reversal symmetry for arbitrary coefficients α and a i,s . In our previous study regarding one-and two-dimensional nonlinear hyperelastic materials, we represented the time-dependent component of equation (3.1) as cos nωt, where n ∈ N is the order of harmonics [21, 26] . Namely n = 1 represents a harmonic vibration and n ≥ 2 are higher harmonics, which appear because of the nonlinearity W NL . However, in conventional RUS experiments, the ultrasound excitation amplitude is sufficiently small to ensure that the higher harmonics generation (HHG) is negligible. It is for this reason that we set n = 1 in the time-dependent component of the second term on the r.h.s. of equation (3.1) without the loss of generality. Note that the order n of the first term on the r.h.s. of equation (3.1) is n = 0. A displacement function of the form of equation (3.1) can be understood as the quasi-harmonic approximation [27] . This approximation saves considerable computational resources.
It is essential to take into account the effect of external pressure given by equation (2.14) . To this end, we transform the action integral of equation (2.8) using the Gauss divergence theorem
and consider the stationary condition given by equation (3.3) rather than the conditions assumed by equation (2.8) . Note that the potential energy of the external pressure g div u i is understood as a null Lagrangian. This implies that the fundamental requirements for the displacement function u i are unaffected by the treatment.
(b) Stationary and subsidiary conditions
Inserting the quasi-harmonic displacement of equation (3.1) into equation (3.3) and integrating it over the variable domain Ω × (0, 2π/ω), we obtain the action I(α, a i,s ) as a function of the displacement coefficients rather than as a functional of the displacement u i . The stationary condition δI = 0 is then given by where i = 1 − 3 and s = 1 − S. Although the condition yields a χ q = 3(q + 1) 3 + 1 set of nonlinear simultaneous equations, the number of unknown quantities is χ q + 1: α, a i,s and ω. Hence, one equation is missing. Similar to our previous study, we introduce the L 2 norm of displacement by 5) and impose the subsidiary condition u i L 2 = const. to complement and close the equations [21] . Equation (3.5) is also useful to define the vibration amplitude and avoids the trivial solution a i,s = 0 in the absence of an external pressure.
(c) Classification of quasi-linear free-vibration acoustic resonance modes
The stationary conditions given by equations (3.4) and (3.5) yield a system of nonlinear simultaneous equations that is difficult to solve in an analytical form. Hence, we first linearize the hyperelastic material by neglecting the nonlinear strain energy density W NL of equation (3.3) and external pressure P. Consequently, the variational problem δI = 0, with the subsidiary condition u i L 2 = 1, becomes a standard eigenvalue problem: an eigenvalue ρω 2 yields an FVAR frequency and the corresponding eigenvector a i,s provides the normalized displacement coefficients [5] [6] [7] [8] [9] [10] . This is in fact conventional FVAR theory. The system of nonlinear simultaneous equations is then solved numerically around the linearized solution by the Newton method. The order of the χ q + 1 simultaneous equations can be reduced effectively using the classification of the nonlinear FVAR modes. Although this has already been demonstrated in our previous study [28] , we briefly summarize the results for the sake of convenience. The hyperelastic material Ω belongs to the orthorhombic-type point group D 2h . According to group theory, this group has eight one-dimensional irreducible representations (IRs) denoted as A g ,  B 3g , B 2g , B 1g , A u , B 3u , B 2u and B 1u [29, 30] . The symmetry of the displacement function and schematic illustrations of the FVAR modes is summarized in table 1 and figure 1 . A g represents the totally symmetric (or breathing) mode because it is invariant for all symmetry operations in D 2h . Similarly, B 3g , B 2g and B 1g are the shearing, A u is twisting and B 3u , B 2u and B 1u are bending modes.
Although the IRs classify the linear FVAR modes (or normal mode phonons), they are no longer applicable to nonlinear FVAR modes. As described in our previous study, the classification should be conducted according to the magnetic point groups which incorporate colour symmetry [21] . According to a standard textbook on group theory [31] , there exists one type of monocolour magnetic point group, 6) and seven types of bicolour magnetic point groups, 13) related to the point group D 2h . Here,T is the time reversal operator with respect to the time axis t = π/2ω [21] . To simplify the presentation, we express
and D 2h (D 2 ) = B 1u , respectively. According to the projection operations given by equations (3.6)-(3.13), symmetry of quasi-harmonic FVAR modes can be summarized as shown in table 2 [28] . Here, n represents the order of harmonics in the displacement function, cos nωt. This result indicates that the vibration symmetry depends on the parity of n; it is identical to a conventional IR when n is odd, whereas it becomes A g when n is even. Note that this classification is equivalent to the prediction given by the acoustic overtone model used in the theory of molecular vibration [28, 32] . In addition, this classification includes linear FVAR modes as a special case: n = 1 exclusively. In this regard, magnetic point groups provide a proper generalization of conventional IRs.
As mentioned, our displacement function u i of equation (3.1) consists of two parts: n = 0 (even) static displacement and n = 1 (odd) harmonic vibration. Clearly, the former belongs to A g , because uniform contraction (or expansion) is invariant for all symmetry operations. The latter case of n = 1 is a normal mode expressed by a conventional IR. According to 
when n is even. For example, the nonlinear B 3g mode consists of B 3g (n = odd) and A g (n = even). 
Free-vibration acoustic resonance at high pressure (a) Parameter setting
We set the hyperelastic domain at L 1 = 9.0, L 2 = 10.0 and L 3 = 11.0 mm, which is a typical specimen size for RUS measurements. The mass-density ρ and the second-and third-order elastic constants are referenced from a standard database, and the results are summarized in table 3 [24] . Although the majority of the numerical analysis is devoted to Al, other cubic-symmetry crystals are later used also for numerical validation.
The maximum order of the Legendre polynomial q plays an important role. Generally, high q calculations yield more accurate results but consume larger computational resources. To determine a suitable q value for this study, we investigate the changes in FVAR frequencies with increasing q. Figure 2 shows the effect of the Legendre order q on the linearized FVAR frequencies ω 0 i . The horizontal axis represents the mode number N, a sequential integer that runs from the lowest frequency mode. For a fixed number mode, the resonance frequency decreases monotonically with increasing q. This implies that the accuracy increases monotonically with increasing q. Similarly, if we fix q, the accuracy increases with decreasing N. According to lattice dynamics, the Debye model predicts that phonon frequency increases proportionally to the third root of the mode number: ω ∝ N 0.33 [27] . A least-squares of fitting of the Debye function at low frequencies is given in figure 2 . The accuracy appears to be reasonable when the mode number is less than χ q /3. According to this result and considering our computational resources, we set the order and maximum mode number to be q = 13 and N max = 2400, respectively.
(b) Subsidiary condition
As seen from equations (3.1) and (3. 
This is the minimum norm that is required to express the volume change caused by pressure P. We next consider the harmonic vibration portion a i,s φ s of the vibrational amplitude. Because of the nonlinearity W NL , the FVAR frequency exhibits an amplitude dependence even in the absence of pressure. Although the amplitude dependence is very weak, it should be addressed similarly to the case of an actual RUS measurement. Figure 3 shows the amplitude dependence of FVAR frequencies ω i of Al obtained at P = 0. The vertical axes represent the normalized frequency change defined by (ω i − ω 0 i )/ω 0 i . As seen here, all frequency changes converge to zero with decreasing amplitude u i L 2 → 0. This occurs simply because the effect of nonlinearity W NL in the action integral of equation (3.3) vanishes near the infinitesimal deformation limit. However, in the finite amplitude region, the frequency changes show a monotonic decrease of the order of 10 −8 . Although the quantitative behaviour depends on the vibration mode, similar results have been obtained for other materials, as listed in table 3. We conducted the analysis up to the N max th mode and observed that the frequency change is less than 10 −5 when the amplitude is u i L 2 < 0.005. Note that 10 −5 is a typical frequency resolution for RUS measurements. In this sense, the amplitude u i L 2 = 0.005 is sufficiently small to ensure suppression of the HHG similar to the case of actual RUS measurements. In reference to the static and vibration components of the displacement, we set the vibration amplitude u i L 2 as a function of the external pressure P such that
We applied the subsidiary condition for all crystals considered in this study. (c) Pressure dependence of free-vibration acoustic resonance frequency
We can now calculate the FVAR frequencies at high pressure using the theory of quasi-linear FVAR. Figure 4 shows the results obtained from the lowest 40 modes of Al. The vertical axes show the normalized frequency change defined by (ω i (P) − ω i (0))/ω i (0), where ω i (0) is the zero-pressure FVAR frequency, which is identical to ω 0 i within 10 −5 . In most cases, the frequency increases with compressive pressure. Exceptions are A g − 2, A u − 1 and B 3u − 1 modes, which show the opposite behaviour. This result indicates that the pressure dependence varies with the vibration mode including the sign. Another notable feature is the strong linearity. As seen in figure 4, FVAR frequencies change almost linearly with changing pressure irrespective of the vibration mode. Note that this tendency holds at least up to the N max th mode. Hence, we approximate the pressure dependence by a linear function ω i (P) = ψ i P + ω i (0). The zero-pressure FVAR frequencies ω i (0) and the slopes ψ i are summarized in table 4.
(d) Measurement of the third-order elastic constants
According to table 4, the slope ψ i = dω i /dP is of the order of 10 Hz MPa −1 . Hence, the frequency shift at P = ±10 MPa is approximately 100 Hz. On the other hand, the measurement accuracy of RUS is of the order of 10 −5 , which implies that the frequency resolution is approximately 1 Hz. This indicates that we can detect the frequency shift from high-pressure RUS measurements up to 10 MPa. The third-order elastic constants C ijklmn can be determined directly from the FVAR frequencies ω i (0) and slopes ψ i . First, we determine the second-order elastic constants C ijkl from an inverse analysis of ω i (0) using the conventional RUS method [6] [7] [8] [9] [10] . The method involves the following steps: (i) assume a set of second-order elastic constants C ijkl as an initial guess, (ii) calculate FVAR frequencies ω i using C ijkl and conventional FVAR theory, (iii) modify C ijkl so as to decrease the differences between ω i (0) and ω i , and (iv) repeat (ii) and (iii) until sufficient consistency is obtained. Similar to the inverse analysis of C ijkl , we can determine the third-order elastic constants' tensor C ijklmn from the pressure derivatives of FVAR frequencies ψ i . We first assume a complete set of C ijklmn and calculate ψ i using the theory of quasi-linear FVAR. We then modify C ijklmn so as to minimize the difference between the calculated values ψ i and those determined by the experiment ψ i until sufficient consistency is obtained.
There is only one exception that cannot be determined from the proposed analysis: the third-order elastic constants component C 456 . As mentioned, the pressure dependence of FVAR frequencies ω i (P) originates from a nonlinear interaction between the static displacement αx i and harmonic vibration α i,s φ s . Because αx i is a uniform compression (or expansion) of Ω, the contribution of αx i on the strain energy density appears only through the longitudinal displacement gradient: u 1,1 , u 2,2 or u 3,3 . However, in view of W NL , only the C 456 component lacks the displacement gradients. Therefore, C 456 vanishes after the integration of equation (3.3) such that it has no influence on the action integral. In other words, the frequencies ω i (P) are independent of C 456 within the framework of quasi-harmonic approximation.
Numerical validation on the theory of quasi-linear free-vibration acoustic resonance (a) Mode Grüneisen parameter
It is essentially important to conduct a verification or an appropriate validation of the quasilinear FVAR theory. Previous high-pressure RUS experiments revealed that FVAR frequencies depend linearly on the external pressure, and the slope ψ i = dω i /dP varies with the vibration mode [14, 15] . Qualitatively speaking, these findings agree with the prediction given in this study. However, authors of the high-pressure experiments used a spherical-shaped specimen, and, as a result, we cannot conduct a direct verification using their results. Instead, we consider a numerical validation by means of the mode Grüneisen parameter γ i . As mentioned previously, the quasi-linear FVAR theory is exactly analogous to Grüneisen's method for an atomistic system. In fact, we can calculate the Grüneisen parameter γ i for respective FVAR modes. According to the definition of the parameter γ i and the thermodynamic relation dP = (dV/V)B, we have
where ω i , ψ i = dω i /dP and B are defined at P = 0. Table 4 summarizes the mode Grüneisen parameter γ i calculated from equation (5.1). As seen here, γ i fluctuates widely in the range γ i = −1 ∼ 2.6. Considering our computational resources and the accuracy of the numerical analysis, we calculated the mode Grüneisen parameter γ i up to N max . Figure 5 plots γ i with respect to the FVAR frequency ω i (0). Although γ i exhibits large fluctuation at low frequencies, the fluctuation diminishes at high frequencies and converges to a specific value. However, the convergence is slow and γ i continues to fluctuate even at the N max th mode. Hence, we approximate the behaviour by a continuous function γ = γ (ω) such that
Here, ω 1 represents the first mode (N = 1) FVAR frequency and γ ∞ , A 1 , A 2 , τ 1 (> 0) and τ 2 (> 0) are the fitting parameters. It is readily observed from equation (5.2) that the mode Grüneisen parameter converges to γ ∞ at the high-frequency limit: lim ω→∞ γ (ω) = γ ∞ . The solid curves in figure 5 show the least-squares-fitting results. This analysis reveals that the high-frequency limit of the mode Grüneisen parameter of Al is γ ∞ = 2.17. We conducted an equivalent analysis for other cubic-symmetry crystals using the parameters listed in table 3, and the results are also summarized in figure 5 . Similar to Al, γ i exhibits a large fluctuation at low frequencies, but gradually converges to a limit γ ∞ as ω → ∞. The limits γ ∞ obtained from the analyses are summarized in table 5.
(b) Grüneisen parameters reported in previous studies
There are several methods to evaluate the Grüneisen parameter γ of an anharmonic crystal. A typical one is the high-temperature limit Grüneisen parameter γ H defined by [33] and third-order elastic constants such that [35] 
and The Grüneisen parameter can also be estimated from thermodynamic quantities such that [22] 6) where V, α, κ (= 1/B) and C V are the volume, thermal expansion coefficient, compressibility and heat capacity at constant volume, respectively. Girifalco [22] calculated the thermodynamic Grüneisen parameter γ T for pure elements. Some of his results are listed in table 5. In the last row of this table, we include the average Grüneisen parameter found in the literature, γ Av. , as given by Gschneidner [34] .
(c) Numerical validation
We can now validate the present quasi-linear FVAR theory using Grüneisen parameter γ . To this end, we first reveal the physical meaning of the mode Grüneisen parameters γ i and their high-frequency limit γ ∞ . According to Hofmeister & Mao [36] , the Grüneisen parameter γ is understood as a weighted average over the mode Grüneisen parameter γ i such that [36] where ω D represents the Debye cut-off frequency calculated from the second-order elastic constants [27] . Numerical integration of equation (5.9) at an ambient temperature revealed that γ T ≈ γ ∞ . This result indicates that the high-frequency limit of the mode Grüneisen parameter γ ∞ should be equivalent to the Grüneisen parameter γ . [33] . In addition, they are nearly equivalent to the average of the literature values γ Av. . A slight difference is observed only in γ T for Mo and γ T for Ni. However, with respect to the possible inaccuracies of material parameters ρ, C ijkl , C ijklmn , α and c V , the agreement between γ ∞ and γ T is sufficient. We therefore conclude that these results validate the present quasi-linear FVAR theory.
Conclusion
In this study, we developed the theory of quasi-linear FVAR to determine the third-order elastic constants' tensor C ijklmn from the high-pressure RUS experiment. The results obtained in this study are summarized as follows.
1. We introduced the action integral of an anisotropic hyperelastic material, which is subjected to an external pressure, on the basis of nonlinear elasticity. analysis which is based on the Ritz method. Here, the quasi-harmonic approximation and magnetic-point-group-based mode classification were employed to obtain a natural extension of normal mode phonons in the high-pressure regime. 2. Numerical analysis revealed that the FVAR frequencies depend linearly on the pressure and the slopes vary with the vibration modes, including the sign. We evaluated the mode Grüneisen parameters γ i of eight kinds of cubic-symmetry crystals for up to N max = 2400 modes. Although γ i exhibits a large fluctuation at low frequencies, it demonstrates a slowly converging behaviour at high frequencies. 3. We estimated high-frequency limit mode Grüneisen parameters γ ∞ from the leastsquares fitting of γ i to a double exponential function. We then used the Thomas-Fermi approximation to demonstrate that the limit γ ∞ is equivalent to the macroscopic Grüneisen parameter. Quantitative comparison of the two Grüneisen parameters showed excellent agreement for eight kinds of cubic-symmetry crystals. These results validated the presented theory of quasi-linear FVAR. 4. Considering the measurement accuracy of RUS experiments and using the strong linearity of the pressure dependence of FVAR frequencies, we can determine the thirdorder elastic constants' tensor C ijklmn from an inverse analysis of the high-pressure FVAR frequencies ω i (P) measured up to P = 10 MPa. Here, the only exception is the C 456 component. Within the framework of the quasi-harmonic approximation, this component has no influence on the action integral. Therefore, it cannot be determined from the inverse analysis.
